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We consider a thin homogeneous shell subjected to an arbitrary 
load causing loss of stability. We assume that the shell has some ini- 
tial irregularities in its middle surface which can be described in 
terms of certain initial displacements. When the load is applied, these 
initial irregularities begin to develop due to creep and cause a redis- 
tribution of stresses over both the thickness and the entire area of the 
shell. This process of stress redistribution may be so considerable that 
at a certain moment the equilibrium state of the shell may become 
unstable in Euler's sense, i . e . ,  at a certain moment several modes 
of equilibrium may be possible, transition to any one of these being 
instantaneous. We shall call this moment the "critical moment" of 
loss of stability of the shell. 

The deviation of the subcritical stress and strain state of an actual 
shell from the basic state corresponding to a perfectly smooth shell 
can be described by a system of equations in the stress and deflection 
functions, assuming that the quantities characterizing these deviations 
satisfy tinearlized creep relations analogous to the relations for visco- 
eIastic bodies. This system of equations must be combined with a 
system of stability equations which takes into account the stresses and 
strains defined by the system of equations of the subcritical state. 

w F o r m u l a t i o n  of  t he  p r o b l e m .  We a s s u m e  tha t  
the  s u b c r i t i c a l  s t r e s s  c o m p o n e n t s  can  be  r e p r e s e n t e d  

by  

i 12 
..... = ~mn ~ + ~ Tm,~ + ~ : l l m , , Z .  (1.1) 

o H e r e  ~mn  a r e  t he  s t r e s s  c o m p o n e n t s  of the  b a s i c  
s t a t e ;  T m n  and M m n  a r e  the  a d d i t i o n a l  s p e c i f i c  f o r c e s  
and m o m e n t s  r e f e r r e d  to  t he  m i d d l e  s u r f a c e  of t he  
s h e l l ;  z is  the  d i s t a n c e  f r o m  the  m i d d l e  s u r f a c e ;  and h 
is  the  t h i c k n e s s  of  the  s h e l l .  

It s h o u l d  be  p o i n t e d  out  tha t ,  s t r i c t l y  s p e a k i n g ,  in 
the  e a s e  of  c r e e p ,  when  the  p h y s i c a l  r e l a t i o n s  a r e  n o n -  
l i n e a r ,  t he  a s s u m p t i o n  of  a l i n e a r  s t r e s s  d i s t r i b u t i o n  
o v e r  t he  s h e l l  t h i c k n e s s  c o n t r a d i c t s  the  h y p o t h e s i s  of 
s t r a i g h t  n o r m a l s .  But  i f  the  s u b c r i t i c a l  s t a t e  of t he  

s h e l l  d i f f e r s  on ly  s l i g h t l y  f r o m  the  b a s i c  s t a t e  e m n  ~ 
c o r r e s p o n d i n g  to a p e r f e c t l y  s m o o t h  s h e l l ,  the  p h y s i c a l  
r e l a t i o n s  c a n  be  l i n e a r i z e d  wi th  r e s p e c t  to the  b a s i c  
s t a t e .  T h i s  e l i m i n a t e s  the  c o n t r a d i c t i o n .  In t he  p r o c -  
e s s  of  c r e e p  the  e q u i l i b r i u m  e q u a t i o n s  of  the  s u b c r i t i -  

c a l  s t a t e  t a k e  the  f o r m  

OTrn~ , OT,n~ c931mt c%llmo 
0z ~-- - f f~==-0,  ox } - ~ = O ' ~ '  (1.2) 

s h e l l  i n s t a n t a n e o u s l y  g o e s  o v e r  in to  the  n e i g h b o r i n g  

e q u i l i b r i u m  s t a t e  c h a r a c t e r i z e d  by f o r c e s  T m n ,  +Tmn*, 
Qm + Qm*, m o m e n t s  Mmn + Mmn*, and c u r v a t u r e s  
~ m n  + ~rnn*.  Se t t i ng  up the  e q u i l i b r i u m  e q u a t i o n s  f o r  
th i s  n e i g h b o r i n g  s t a t e  and s u b t r a c t i n g  E q s .  (1.2) and 
(1.3), we ob ta in  the  s t a b i l i t y  e q u a t i o n s  

0r,g, or,,:, 0:~i,;, 0~C: 
a~ +:aT -:-~ 7z+~7,,  - = 0 ' # '  (1.4) 

O Q I *  4 _  O Q ~ *  T l l *  ~ T 2 2  $ 
Ox ! + l?u -~- l?.,.a T l l ~ t ~ *  - -  2 " / " 1 2 x t 2 "  - -  

(1.5) 
- -  T ~ x 2 , _ , *  - -  T ~ t ; % ' . t t  - -  2 7 ' 1 2 " ~ I e  - -  Taz*x_~2 = 0 

(in = 1,2) 

w h e r e  the  n o n l i n e a r  t e r m s  h a v e  b e e n  d i s c a r d e d .  

w P h y s i c a l  r e l a t i o n s .  E q u a t i o n s  (1.2)--(1.5)  a r e  
not  a c l o s e d  s y s t e m  of e q u a t i o n s  fo r  the  p r o b l e m p o s e d ,  
b e c a u s e  t h e y  m u s t  be  c o m b i n e d  wi th  e q u a t i o n s  d e t e r -  
m i n i n g  the  r e l a t i o n s h i p  b e t w e e n  the  s t r e s s  and s t r a i n  
c o m p o n e n t s  d u r i n g  c r e e p  and a t  the  m o m e n t  of l o s s  of 
s t a b i l i t y  t o g e t h e r  wi th  the  r e l a t i o n s  b e t w e e n  the  s t r a i n  
c o m p o n e n t s  and the  d i s p l a c e m e n t  c o m p o n e n t s .  

Le t  the  e q u a t i o n  of s t a t e  fo r  c r e e p  be  

t / i =  g (z i ,  .,"i) ai , (2.1) 

w h i l e  the  c o m p o n e n t s  of the c r e e p  s t r a i n  r a t e  t e n s o r  

Pmn  and the  c o m p o n e n t s  of the  s t r e s s  d e v i a t o r  Smn 
s a t i s f y  t he  r e l a t i o n s  of f low t h e o r y  

3 
t;,,~,, = Z g (z i ,  pi) s . . . . . .  

3 (2.2) 
p,;~ = e,n,~ - -  ~ ,~;n,,, I i = "l apm,~ PM~, ~i : :  ~ '-', m,,,', ..... 

H e r e  the  r e p e t i t i o n  of i n d i c e s  d e n o t e s  s u m m a t i o n .  
We d e n o t e  the  s t r e s s  s t a t e  c o r r e s p o n d i n g  to a p e r -  

f e c t l y  s m o o t h  s h e l l  w i thou t  i n i t i a l  i r r e g u l a r i t i e s  by ~r~ 
and c a l l  i t  the  b a s i c  s t r e s s  s t a t e .  T h e n  the  s t r e s s  
s t a t e  of  an  a c t u a l  s h e l l  in c r e e p  w i l l  d e v i a t e  f r o m  the  

b a s i c  s t r e s s  s t a t e .  H e n c e  the  s t r e s s  c o m p o n e n t s  and 
c r e e p  s t r a i n  r a t e s  can  be  w r i t t e n  a s  f o l l o w s :  

s .. . .  = s,,,,~ -j- 6s ...... t',~,~ = P,:,.~ q- 5p: . . . .  (2.3) 

aQlaz .~1- ~ -n- ~ -i-- ~ - -  T1,• - -  T~2• - -  21'12• = 0 (1.3) 

(m = i, 2). 

H e r e  Q m  is  the  s p e c i f i c  s h e a r  f o r c e ,  ~ m n  a r e  the  
p a r a m e t e r s  of  v a r i a t i o n  of c u r v a t u r e  and  t w i s t  of  the  

m i d d l e  s u r f a c e ;  and  R m n  is  the  r a d i u s  of t he  s h e l l .  
T h e  s y s t e m  of e q u a t i o n s  (1.2) and  (1.3) w i th  t he  a s -  

s o c i a t e d  r e l a t i o n s  b e t w e e n  s t r e s s  and  s t r a i n  d e s c r i b e s  
t he  p r o c e s s  of  b u c k l i n g  of  the  s h e l l  in t i m e  and  the  
p r o c e s s  of  r e d i s t r i b u t i o n  of  s t r e s s e s .  Suppose  tha t  a t  
a c e r t a i n  m o m e n t  t he  s h e l l  b e c o m e s  u n s t a b l e ,  i . e . ,  the  

We can  now r e w r i t e  E q s .  (2.1) and (2.2): 

o ,.q" o I Pro7 -k" 61',n'~ = a/~.g(a~~ + 5al,  t ' i  - k  6p , )  ( ..... ~- 6,%,,,)32.4) 

At  t he  s a m e  t i m e ,  fo r  the  b a s i c  s t a t e  E q s .  (2.1) and 

(2.2) a l s o  hold:  

~'o = g (~r  p ,~176  pj , ;  = ~l~g (~,~ p~~ . 

Now,  r e p r e s e n t i n g  the  r i g h t - h a n d  s i d e s  of E q s .  (2.4) 
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as  a s e r i e s  in the ne ighborhood of the bas i c  s t a t e  and 
r e t a in ing  only the l i nea r  t e r m s ,  we obtain (see [1, 2] 

6e~ . - -  (~/3E)-~6s,~,, = '12g (~,*, P,~ {6sin. + am~* (Ec6p, + b6~0} . 

6p~ = g (~i ~ pi ~ {Ec6p~ + (b + t) 6z~}, (2.5) 
o 

~i ~ t Og _ a i  ~ Og sin, 
c :  ~Tf g Op i b . . . .  ~ * = - - - - .  , ' g 0~3i , m n  ~5i ~ 

In t roducing  the new t ime  v a r i a b l e  

"~ = E I g ( z i  ~ p ~ ) d t ,  (2.6) 
o 

we obtain 

E6pi" = Ecbpi + (b 4- t) 6zt. (2.7) 

F o r  the in i t i a l  moment  of t ime  we take  Hooke ' s  law 

6e,~ = ~/~ t2"~6sm~. (2.8) 

O.# 

g.Z 

~'o.i 
/ 

,/ 
/ 

e~ 
0 1.6 

Fig .  1 

A f t e r  i n t eg ra t i ng  Eqs .  (2.7) with in i t i a l  condi t ions  
(2.8), we obta in  

6sm,~ = 2/~ El6em~ - -  am*G6z~ (2.9) 

Here  
.v 

o 

G6~ = e-'- e" t e~ c (b q- 1) e-r 

F o r  the s h e l l  s t r a i n  i n c r e m e n t s  we use  the e x p r e s -  
s tons 

~ ~ = •  o . .  ) , o,~ o,,, ~ ~,,,, o~  o , . . . .  ~ ~ .... 

( x x = x ,  z e = y ,  m : = t , 2 ,  n = = t , 2 )  U x = U ,  u ~ = ~ ,  

Here  >trim ~ w ~ a r e  the  in i t i a l  c u r v a t u r e s  and the 
in i t i a l  def lec t ion  be fo re  app l i ca t ion  of load.  

w F o r c e s  and m o m e n t s .  We now wr i t e  e x p r e s -  
s ions  for  the f o r c e s  and moments  r e f e r r e d  to the mid -  
dle su r f a c e  of the she l l  

M,1 = f (26sn + 6s.~2) zdz . . . . .  
iz) (3.1) 

T~x = f (26Sn -b 6s22) dz . . . . .  
(z) 

Subst i tut ing the s t r e s s e s  (2.9) into Eqs .  (3.1) and 
e l imina t ing  the s t r a i n s ,  in a c c o r d a n c e  with (2.10), we 
obtain (19 = Eh ~/s) 

?~ i ,  = D I  (• -? '/2 • -- • ~ - -  !/2 ~22 ~ - - a i t G M i ,  
~[2~ ---- D I  (x22 + 1/2 xli ~ ~'.22 ~ - -  i/2 • ~ - -  a22GMi, (3.2) 

M12 = 1/2 D I  ( •  • ~ - - a z 2 G M i ,  

M, = (all - -  1/2 0~22) l u l l  -~  ({~22 - -  1/2 (~$1) M~2 + 3 ~ 1 2 M 1 2 ,  

(~11 = 20~11' ~-  a22" ,  0~22 : 2a~2 -~- 0~11 , O~12 = 0~X2*. (3.3) 

S i m i l a r l y ,  we obtain the spec i f i c  f o r c e s  

Tal = -g-  ~ [b-~z + 2 oy + vz \oz / - -  ~ \~x / -i- ~ \Oy / 

- -  4 .\ Oy ] J Rtt 2R~ azlGT~ , (3.4) 

4Eh [Ov , I Ou i (Ow\ 2 i I low ~ 

(Ow o 2 w__wO I~__a22GTr ' 
4 2Rtt 1~ 

E h_ [Ou Ov Ow Ow Ow~ ~ 

Ti = (a,~ . ~/2 a2~) T ~  - -  (a22 - -  ~/2 a~t)  T22 + 3a12T~2. (3.5) 

F o r  the m o m e n t  and fo rce  i n c r e m e n t s  a t  l o s s  of 
s t a b i l i t y  we have the fo l lowing r e l a t i o n s :  

Mn* = D  (• + ~/2 • 

M22" -- D (• -}- ~/2 • Mz2* = ~/2 D ux~*, (3.6) 

4Eh[Ov* I Ou* w* w* Ow Ow* _ _  OwOw*] 

T * Eh[Ou* O w*+_Ov*Ow +o,~ 0~* 1 

The e x p r e s s i o n s  for  T*mn have been  l i n e a r i z e d  with 
r e s p e c t  to w*. 

w Equations of stability of a flat shel l  of general  
f o r m .  In t roduc ing  the f o r c e  funct ions  for  Tmn and 
Tmn,  we s a t i s f y  the  f i r s t  equa t ions  of (1.2) and (1.4), 
whi le  to d e t e r m i n e  the fo rce  funct ions  we se t  up the 
s t r a i n  cont inu i ty  equa t ions .  The r e m a i n i n g  e q u i l i b r i u m  
equat ions  (1.2) and (1.4) a r e  w r i t t e n  in t e r m s  of d i s -  
p l a c e m e n t ,  us ing  r e l a t i o n s  (3.3) and (3.5). A f t e r  p e r -  
f o r m i n g  a l l  t h e s e  o p e r a t i o n s ,  we f ina l ly  obta in  the fo l -  
lowing s y s t e m  of equat ions  of the s u b c r i t i c a l  s t a t e :  

K ( w , F ) + G [ K ( w , F ) - b T ( w ) I = 0 .  

kOy~ Oy~ ] + ~ \Ox2 Oz* J -~ 
+ L ( ~  ~) L (w ~ w") 

2 ] '  (4.1) 
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K (w, F)  = D V ' V 2 I  ( w - -  w ~ - -  

- -  h z i ~  L (w, F)  t O~F I O~p 
R~ Ox~ Rn Oy~ ' 

0~o O~F O~wO2F 2 O~w O:F 
L (w, F)  = + Ux~ ~ -t- Oy~ Ox" O~ oy Ox Oy' 

T (w)  = - -  ~/, D A ' I  (w  - -  w ~ 

and the s y s t e m  of s tab i l i ty  equat ions  

~ ' ~ *  = - - E h  ( ~ o~w* + ~ x . ,  +L(w*, w)), 

D V ~ w  , __ h~iOAw, t C~, e* 

t O.~F L ( w ,  F * ) - - L ( w * ,  F ) = O ,  
R n  O y  e 

O~ O~ 0 ~ 
A = aH ~ + 2~q2 0~Nu + a_.s ~ ,  

(4.2) 

2 20y~ ) -~- 3 ~  ~ . 

w Closed  c y l i n d r i c a l  she l l  in a x i a l  c o m p r e s s i o n .  

Let  us c o n s i d e r  the s tab i l i ty  of a c losed  cy l i nd r i ca l  
she l l  sub jec ted  to un i fo rm axia l  c o m p r e s s i o n  (R n = ~ ,  

R2~ = R, o~ = - 1 ,  a12 = a22 = 0) using for  this pu rpose  
the s imp le  c r e e p  law 

p ( =  Bz~.  (5.1) 

Then the s y s t e m  of equat ions  (4.1) b e c o m e s  

V,V~ F = Eh I [0~(~-~ w~ R /t o we)j, 
R L ox~ + -g- L (w, w) - -  -~- L (w  , 

D ~ l  (w__wO)+ T o O~w I O~Y L ( w , F )  O.  
Ox~ R Ox~ = 

To so lve  the p r o b l e m  of s e l e c t i n g  the mode of de -  
f lec t ion  before  and a f t e r  loss  of s tab i l i ty  and a l so  the 
ini t ia l  mode of def lec t ion ,  we turn to the non l inear  
p r o b l e m  of the pos tbuckl ing  behav io r  of a c y l i n d r i c a l  
shel l ,  which has been  s tudied by a number  of w o r k e r s  
[3--8].  These  inves t iga t ions  employ  va r ious  r e p r e -  
sen ta t ions  of the pos tbuckl ing  mode of def lec t ion ,  but 
they a l l  conta in  a c o m m o n  e l e m e n t  which can be w r i t -  
ten as fol lows:  

wl /1sin m~x . ~ - - s m  - ~ - F A  " ~ ' ~  = sm --L-- + 10 �9 

Using this e x p r e s s i o n  for  the pos tbuckl ing d e f l e c -  
tion as a bas i s ,  we may  wr i t e  

m g z  
w ~ = h~ ~ sin 2 7 x , w = h~ (~) sin ~ ~L- z~ h~l (v), (5:3) 

rn~x ny 
w* --  h~* sin--yj s inN- .  

As a r e s u l t ,  a f t e r  loss  of s t ab i l i ty  we have 

r n g x  . n y  " 2 m ~ x  
wl = h;* sin-L--sin F + h ; s m  -E-- ? h ; x .  

Solving the p r o b l e m  in its p r e s e n t  f o r m  does not 
y ie ld  5*. In t eg ra t ing  the s y s t e m  of equat ions  (5.2), we 
obtain 

E h  ~ , ~o a -  2 m n x  
~ ( v ) = ( k q - 1 ) ~ ~  k:, T 2 2 = - R - ~ g e - e o s - - L - - ,  (5.4) 

4q03 2 t 1~ mgR 
T~ ll = "~- 4~10~ ' Ln ~ l a - - z  ' ~ - -  Eh ~ ' - -  ' 

h 
~1 = - ~ n  . 

E l i m i n a t i n g  w, F, and F* f rom the second equation 

of the s y s t e m  (4.2) and i n t e g r a t i n g  i t  by the Bubnov- 

Galerk in  method,  we get the equation for the c r i t i c a l  

t ime  p a r a m e t e r  r = r .  

4l~ ( k + 1) ~ ~~176 - -  (1 + k) t4~~ I'~ + 12 ~ ~ = O, 

12 - -  (l  + ~2)~ ~3 o 

s [  i _i _] 14 = 40~ k 
l~=  qff ~ + ( i + 9 0 2 ) s j  ' ( l+O~? +(k+l )~o  2" 

F i g u r e  1 gives  the dependence of the c r i t i c a l  axia l  
s t r a in  of the bas ic  s ta te  on the ini t ial  s t r e s s e s  and the 
ampl i tude  of the ini t ial  " i r r egu la r i t i e s .  The following 
notation has been used: 

~o= ~/~+, ~ ~ 1 7 6  

where  ~* is  the upper c r i t i c a l  s t r e s s  for  a pe r f ec t l y  
smooth  e l a s t i c  shel l  (~* = 0.605). The wave p a r a m e t e r s  

and ~ were  s e l ec t ed  f r o m  the condit ion of min imum 
T.. Values of the c r i t i c a l  s t r a in  p a r a m e t e r  E~ a re  
plot ted along the abc i s s a  ax is .  

\ F 

I 

i iT  - ~  % 

Fig .  2 

At ~" = 0 Eq. (5.5) leads to the solution of the problem of stability 
of an elastic shell with account for initial irregularities. Figure 2 
gives the dependence of the critical stress for an elastic shell on the 
amplitude of the initial deflection ~~ The graph shows that the mag- 
nitude of the critical stress changes sharply at very small initial deflec- 
tions. This suggests that in tests it is very difficult to obtain o + = 0.605 
or, what is the same thing, d ~ = 1. 
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